On average, the percentage of erythrocytes being released as reticulocytes maximally increased an estimated two-fold following the phlebotomies. The primary features of immature RBC physiology were captured by the model and gave results consistent with other estimates in sheep and humans. The comparison of the four lifespan models gave similar parameter estimates of the stimulation function and fits to the RBC data. However, the time invariant models fit the reticulocyte data poorly, while the time variant "point distribution" cellular lifespan model gave physiologically unrealistic estimates of the changes in the circulating reticulocyte lifespan under stress erythropoiesis. Thus the underlying physiology must be considered when selecting the most appropriate cellular lifespan model and not just the goodness-of-fit criteria. The proposed PD model and the numerical implementation allows for a flexible framework to incorporate time variant lifespan distributions when modeling populations of cells whose production or stimulation depends on endogenous growth factors and/or exogenous drugs.
Introduction
Determination of the lifespan distributions of cells has been an interest to researchers for many years. Some of the first work determined the lifespans of red blood cells from cell survival curves [1] [2] [3] . However, much of the early work assumes constant production rates and distributions of cellular lifespans. With the development of many new drugs that affect important cell populations, such as cancerous, erythrocyte, leukocyte, platelet, and bacterial cell populations, the study of the effect of these new drugs on both the production and destruction is an important consideration for optimal dosing. For cell death mechanisms that are related to the age of the cell, i.e., time since production, the lifespan distributions and age structure of the population are vitally important for understanding the effect of the therapeutic agent.
With respect to red blood cells (RBC), under non-disease state conditions the mechanism of cell death is primarily due to cellular senescence (i.e., the expiration of the cellular lifespan) [4] . The two primary RBC types in the systemic circulation are reticulocytes and mature erythrocytes, the former which is just an immature RBC. Reticulocytes are produced from erythroid progenitor cells located primarily in the bone marrow, where they initially reside and subsequently are released from into the systemic circulation [5] . The maturation of erythroid progenitor cells into reticulocytes and ultimately RBCs is primarily controlled by erythropoietin (EPO), a 35 kD glycoprotein hormone produced by the pertibular cells of the kidney in response to oxygen need [5] . During the development from erythroid progenitor cells their hemoglobin content increases until it develops into a reticulocyte upon nucleus extrusion, where further maturation primarily involves the removal of ribosomal RNA, remodeling of the plasma membrane, and a progressive decrease in cell size [5] [6] [7] .
In humans the majority of the erythrocytes released from the bone marrow into the systemic circulation are reticulocytes, while in other species such as ruminants and horses, under basal erythropoietic conditions (i.e., non-anemic or non-erythropoietically stimulated) the majority of the erythrocytes are released as mature RBC's [6] [7] [8] . In general, under basal erythropoietic conditions in humans, reticulocytes have a lifespan in the systemic circulation of approximately 24 h before developing into mature RBCs. However, during stress erythropoiesis (i.e., stimulated erythropoietic conditions), the reticulocyte lifespan in the circulation increases to an estimated 2-3 days [9] . In humans, the reticulocytes produced under stress erythropoiesis also contain more residual ribosomal RNA, are larger, and have less flexible plasma membranes than those produced under normal basal conditions, and therefore are thought to be immature reticulocytes that under "normal" physiological conditions reside in the bone marrow until being released as more mature reticulocytes [7, [9] [10] [11] . Similarly in animals such as ruminants with a low basal percentage of erythrocytes released as reticulocytes, the percentage of reticulocytes increases dramatically during stress erythropoiesis [8, 12] . Therefore like humans, younger erythrocytes are also released following stress erythropoiesis in these species. Accordingly, the reticulocyte counts increase under stress erythropoiesis not only due to increased reticulocyte production in response to EPO stimulation, but also due to a longer lifespan in the systemic circulation.
One of the most common techniques for modeling the pharmacokinetic/pharmacodynamic (PK/PD) relationship between therapeutic agents, such as EPO, and the cellular populations is the compartmental or cellular "pool" model, in which cells are transferred between compartments by first-order processes [13] . A major limitation of this model is that it completely ignores the age structure of cells within a compartment, treating all cells within the compartment as equally likely to be transferred out of the compartment. For cells like reticulocytes and mature erythrocytes whose "removal" from the sampling compartment is primarily determined by a developmental processes (i.e., transformation into a mature RBC) and cellular senescence, respectively, more physiologically realistic models incorporate a cellular lifespan component [14] [15] [16] [17] [18] [19] [20] [21] . However, nearly all of these PK/PD models assumed a single "point distribution" of cellular lifespans shared by all cells that does not vary over time (i.e., time invariant). More recently, models have been introduced that account for a time invariant distribution of cell lifespans [22] and time variant "point distributions" of cellular lifespans [23] .
To date, a PD cellular response model that incorporates a time variant distribution of cellular lifespans has not been presented and successfully fitted to data. Additionally, a time variant distribution of reticulocyte lifespans has not been described following induction of stress erythropoiesis conditions, nor have estimates of changes in the proportion of erythrocytes released as reticulocytes and mature RBCs been previously obtained. Therefore, the objectives of the current work were: (1) to present a general PD model that incorporates a time variant distribution of cellular lifespans, (2) to successfully fit the presented model to erythrocyte data following stress erythropoiesis to estimate the changes in the circulating reticulocyte lifespan and proportion of erythrocytes released into the systemic circulation as reticulocytes, and (3) to compare the presented model to other cellular lifespan models.
Theoretical

Time variant cellular disposition
Let (τ, z) denote the time variant probability density function (p.d.f.) of cellular lifespans, where τ is the cellular lifespan and z is an arbitrary time of production (Fig. 1a) . More specifically, the cellular lifespan is defined for a particular cell type of interest the time from input into the sampling space to the time of output from the sampling space, which may be due to: cellular death/senescence, transformation into a different cell type, and/or irreversible removal from the sampling space. Therefore, the lifespan of a cell is determined by the definition of both the cell type and the sampling space. Under the above definition of cellular lifespan it could also be described as the residence time in the sampling space of the cell type of interest. Additionally, cellular production is defined as the physical input of cells into the sampling space. Let it be assumed that at the time of production each cell is assigned a unique lifespan which is not further affected by subsequent environmental conditions following production. Therefore, the z variable references the lifespan distribution to the particular time of production. Since it is assumed that after production the lifespan of the cells is not affected by the environment, the cells act independent of each other following entry into the sampling space and therefore have a linear cellular disposition [23] . Due to the above properties, each cell is assigned an individual probability of survival after production that may vary with the time of production. The probability of cellular survival to a particular time t after production is given by the time variant unit response (U R ) function [23] , which can also be viewed as a survival function from failure time data analysis [24] . Accordingly: 
where t is the current time, P (·) denotes the probability, and T denotes a random cellular lifespan variable. Therefore the U R is the cellular disposition, as illustrated in Fig. 1b . Let f prod (t) denote the production (i.e., input) rate of cells into the sampling space, which is typically a function of time through endogenous growth factors and/or exogenous drug, and let z denote a small time increment. Then the number of cells currently present in the sampling space at time t that were produced at a previous time z is given by the product of the number of cells produced at time z and the probability that these cells have survived to time t (i.e., U R (t, z)):
Summation of Eq. 2 by integration across all time prior to t followed by substitution of Eq. 1 into the resulting equation gives the general key equation for the total number of cells in the current sampling space population when modeling a time variant cellular lifespan distribution:
As can be observed from Eq. 3, the number of cells in the sampling space is given by an integral of the product of the number of cells produced at a previous time and the probability that the cells produced at that previous time are present in the sampling space at the current time. The lower integration limit of −∞ in Eq. 3 is to be interpreted to consider "all prior history" of the system that affects N (t). Due to the finite lifespan of cells, in reality the lower limit may be explicitly stated as t minus the maximal cellular lifespan, if known. Differentiation of Eq. 3 results in:
as previously presented [20] . Thus the input rate into sampling space at time t is given by f prod (t) and the output rate from the sampling space is given by Accounting for subject growth Measurement of cells in vivo is often done in terms of concentrations, C (t), such as number of reticulocytes per volume of blood, therefore, Eq. 3 is divided by the total sampling space volume, V (t), resulting in:
If the subject is mature or the observation time window/cell lifespans are short relative to the rate of change in the sampling space volume, then V (t) can reasonably be assumed to be constant, simplifying Eq. 5. However, if the subject is growing, and therefore the sampling space volume is changing with time, and the time window and/or cell lifespan is relatively long, the dilution of the cellular concentration due to volume expansion must be considered.
Corrections for cell removal
To improve the analysis of the cell population it is necessary to correct for the effect of external removal of cells, such as a phlebotomy. Let f denote the fraction of cells remaining immediately following a phlebotomy conducted at time t P , then to correct for a phlebotomy when t ≥ T P Eq. 3 simply becomes (see Appendix A):
Calculation of the sampling space volume By the external removal or addition of cells to the sampling space, the volume of the sampling space can be estimated under the assumption that the total sampling space volume remains constant. Following an acute phlebotomy (i.e., removal of blood cells) the original blood volume is re-established within 24-48 h if no plasma volume expanders are administered [7, 25] , therefore the assumption of a constant blood volume (i.e., the sampling space) is reasonable when dealing with populations of blood cells and the 24-48 h lag-time for re-establishment of the blood volume is considered. The original blood volume will be reestablished even more rapidly if plasma or other blood volume expander is administered, due to increased osmotic pressure in the vascular system. In case of an acute removal or addition of cells, the sampling space volume is given by:
where N P denotes the number of cells removed or added and C denotes the magnitude of the change in the cell concentration due to the phlebotomy or transfusion, respectively. In the case of a transfusion, the additional assumption must also be made that a substantial fraction of the transfused cells are not rapidly removed from the sampling space, such as spleenic removal of transfused RBCs from the systemic circulation due to damage that occurred during the storage or transfusion process.
Alternative parameterization of a time variant cellular disposition For many populations of cells there is a time delay between the activation or stimulation of cells and the physical input of the stimulated cells into the sampling space. An example is stimulation of erythroid precursor cells in the bone marrow (i.e., outside the sampling space) and the subsequent release of the stimulated cells into the systemic circulation (i.e., the sampling space) as either reticulocytes or mature RBCs. In this instance a time variant cellular lifespan can be alternatively parameterized as follows. Let the time of cellular stimulation be denoted by s and let ω denote the time delay from cellular stimulation to appearance or release of the subsequently stimulated cell(s). Then a time variant cellular disposition can be accounted for by assuming the time delay of the release of a cell to be a random variable and the time from stimulation of the cell to the time of output from the sampling space to be a fixed period of time, denoted b. As before, the output from the sampling space may be due to cellular death/senescence, transformation into a different cell type, and/or irreversible removal. Let r (ω, s) denote a time variant p.d.f. of release time delays into the sampling space (Fig. 1c) . Then the probability that a cell is present in the sampling space as the cell type of interest is given by the intersection of the events that the time since stimulation is less than b and that the cell has been released into the sampling space. In this instance let it also be assumed that the probability of these two events are independent of each other and that at the time of stimulation each cell is assigned a unique release time delay which is not further affected by subsequent environmental conditions following stimulation; thus the cells act independent of each other following stimulation and have a linear cellular disposition. Therefore, the probability that a cell resulting from progenitor cell stimulation at time s is present in the sampling space at time t can be defined in terms of a unit response of the cell type of interest, denoted U R r (Appendix B), and is given by:
where 1 {X } is the indicator function which is equal to 1 if X is true and 0 otherwise, is a random release time delay variable, and u is the unit step function described by:
It can be observed from Eq. 8 and Fig. 1d 
which is the analogous equation to Eq. 3. The unit step function is eliminated in the simplification step of Eq. 10 since it is recognized that the integrand will have a value of 0 at all times when u < t − b. Similar to Eqs. 3 and 6, a correction for a phlebotomy is needed for Eq. 10 when the time interval from t − b to t contains T P (i.e., contains a phlebotomy). During this time interval the equation for N (t) (Appendix C) then becomes:
The p.d.f.'s (τ, ·) and r (ω, s) are related by the expression:
is now indexed by s instead of z, as the time of stimulation is when the unit response was defined for a cell. As can be observed from Eq. 12, a time variant cellular lifespan is still being modeled by considering the release time delay from stimulation to release to be a random variable with a fixed time period between stimulation and output from the sampling space of the subsequently released cell.
Materials and methods
Animals
All animal care and experimental procedures were approved by the University of Iowa Institutional Animal Care and Use Committee. Four healthy young adult sheep approximately 4 months old and weighing 23.5 (1.14) kg (mean (SD)) at the beginning of the experiment were utilized. Animals were housed in an indoor, light-and temperature-controlled environment, with ad lib access to feed and water. Prior to study initiation, jugular venous catheters were aseptically placed under pentobarbital anesthesia. Intravenous ampicillin (1 g) was administered daily for 3 days following catheter placement.
Study protocol
Blood samples (∼0.5 ml/sample) for plasma EPO, reticulocyte counts, and RBC determination were collected for 5-12 days to determine baseline values prior to conducting the first of two controlled phlebotomies over several hours to induce acute anemia. The second phlebotomy was conducted 8 days later. For each phlebotomy, animals were phlebotomized to hemoglobin concentrations of 3-5 g/dl. To maintain a constant blood volume during the procedure, the plasma removed during the phlebotomy was collected and infused back into the animal. Additionally, a volume 0.9% NaCl solution was infused so that a 1-to-1 total volume of fluid exchange was conducted during each phlebotomy. The total number of RBCs removed at each phlebotomy was determined by assaying a sample of the removed volume. Blood samples were collected 1-4 times daily between the phlebotomies and for 15-42 days following the second phlebotomy. Animal weights were also recorded upon study initiation and 1-2 times weekly throughout the course of the experiments. No iron supplementation other than that in the animal's feed was given. To minimize erythrocyte loss due to frequent blood sampling, blood was centrifuged, the plasma for EPO determination removed, and the unused red cells re-infused.
Sample analysis
Plasma EPO concentrations were measured in triplicate using a double antibody radioimmunoassay (RIA) procedure as previously described (lower limit of quantitation 1 mU/ml) [26] . All samples from the same animal were measured in the same assay to reduce variability. The reticulocyte and RBC counts were determined using the ADVIA 120 Hematology System (Bayer Corp., Tarrytown, NY). In total, for each subject approximately 40-50 samples were analyzed for erythrocyte counts and 50-100 samples were analyzed for plasma EPO determination.
Specific model formulation
Erythropoietin was considered to be the stimulator of the erythroid cell precursors. The stimulation rate was related to the plasma EPO concentration (C P ) with time using a systems analysis approach that focuses on their overall functional relationship [27] . A biophase conduction function and a Hill equation transduction function were utilized, specifically, the biophase concentration (C bio ) was determined by:
where ' * ' denotes the convolution operator and k bio is the biophase conduction function parameter. For t ≤ t 0 , C P was set to the initial (first observation) fitted plasma EPO concentration (i.e., steady-state plasma EPO concentration assumption). The EPO plasma concentrations were non-parametrically represented using a generalized cross validated cubic spline function [28] , and the convolution of the fitted cubic spline with the conduction function given in Eq. 13 was analytically determined. The stimulation rate was subsequently related to C bio by the transduction function given by:
where f stim is the redefined stimulation function from Eq. 10 that depends on C bio (t) and the animal mass, m (t), E max is the maximal erythrocyte (RBC) stimulation rate in cells/kg/day, and EC 50 is the biophase EPO concentration that results in 50% of maximal erythrocyte stimulation rate (E max ). The mass of the animal was incorporated into the model to account for subject growth prior to and during the experiment, as it is likely that the total mass of erythrocytes produced (stimulated) would increase with growth as the erythropoietic progenitor cell mass increases. As with the stimulation rate, proportionality between blood volume and animal mass was assumed to account for growth induced blood volume expansion during the experiment, as given by:
where V n is the mass normalized constant total blood volume. Hence the modeled sampling space is defined as the total blood volume of the systemic circulation. Due to the relatively young age and rapid growth of lambs, the animal mass, m (t), was represented as a monoexponential fit to the animal weight data as given by:
where A is the body mass (weight) at time t 0 and α is a first-order growth rate constant. The release time delay p.d.f., r (ω, s), from Eq. 10 was modeled as a Weibull distribution due to the flexibility of the distribution, its support on the non-negative real line, and the analytical solution to its cumulative distribution function. Specifically:
with: 
The time variance of the distribution was assumed to enter through the location parameter due to the simplicity of the interpretation in changes of θ (s). However, the presented model and the numerical implementation (see below) readily extends time variance in the other distribution parameters.
To account for the double phlebotomies, let T P1 and T P2 be defined as the time of the first and second phlebotomy, respectively, and let F 1 and F 2 be the corresponding fraction of the cells remaining after the phlebotomy. Then from extensions of Eq. 11 to two phlebotomies (Appendix E), the number of cells present at time t is given by:
with:
where
is the minimum of T Pi and t−b, f stim (u) is given by Eq. 13 and Eq. 14, and
r (ω, u) dω is given by Eq. 18. Additionally, ε denotes an infinitely small time increment and N P1 and N P2 the number of cells removed by the first and second phlebotomy, respectively. The fraction of cells remaining after a phlebotomy will be the same for both reticulocytes and RBCs, and therefore only a single F 1 and F 2 is calculated for both populations of cells. For t ≤ t 0 , the release time delay distribution was assumed to remain at the initial (t 0 ) release time delay distribution (i.e., r (ω, s) = r (ω, t 0 ) for s ≤ t 0 ). An end-constrained quadratic spline function was used to non-parametrically estimate the Weibull distribution time variant location parameter (i.e., θ (s)) of the release time delay distribution, as further detailed in Appendix F.
Specifically, let the time from stimulation of a erythroid precursor cell to transformation of the subsequently stimulated reticulocyte (either in the marrow or systemic circulation) into a mature RBC be denoted as b R ET and the time from stimulation of a erythroid precursor cell to senescence/destruction of the subsequently stimulated RBC (immature + mature) be denoted as b R BC . Due to the fact that a reticulocyte is an immature RBC, then replacement of b by b R ET or b R BC in Eq. 19 gives the fitted equation for the number of reticulocytes (N R ET (t)) or the number of RBCs (N R BC (t)), respectively. The modeled relationship between r (ω, s), b R ET , and b R BC is schematically illustrated in Fig. 2a . Thus from Eq. 5 to Eq. 7 the concentration of reticulocytes (C R ET (t)) and RBCs (C R BC (t)) are given by: 
where V (t) is given by Eq. 15. The parameter for the time from stimulation of a erythroid precursor cell to senescence/destruction of the subsequently stimulated RBC, b R BC , was fixed to 'E { } + RBC lifespan', where E {·} denotes the mathematical expectation of a random variable and in this instance is the expectation taken with respect to the initial steady-state release time delay distribution (i.e., r (ω, t 0 )). The normal RBC lifespan has previously been determined in sheep using [ 14 C] cyanate label and found to be 114 days [29] . The reticulocyte and RBC-plasma EPO concentration relationship, accounting for subject growth, was modeled by simultaneously fitting Eqs. 21 and 22 (along with supporting Eqs. 13-15 and Eqs. [18] [19] [20] using the fitted plasma EPO concentration and animal mass, the observed reticulocyte count, and the observed RBC count concentration-time data of each subject.
Comparison to other lifespan models
The formulated time variant cellular lifespan distribution model (Fig. 2a) was compared to the identical time invariant cellular lifespan distribution model, as well as the time variant and time invariant "point distribution" cellular lifespan models. Each model was fit to data from each animal. Replacement of r (ω, u) in Eq. 19 with r (ω) gives the following identical time invariant cellular lifespan distribution model:
where θ is the time invariant location parameter of the Weibull distribution (Fig. 2b) . In the time invariant cellular lifespan distribution model the distribution of release time delays (and lifespans) is constant and independent of the time of stimulation. Models of time invariant distributions of cellular lifepsans have previously been described in detail [22] . The time variant "point distribution" cellular lifespan model (Fig. 2c) , is obtained by replacing in Eq. 19 the time variant Weibull distribution (i.e., r (ω, u) given by Eq. 17) with a time variant dirac delta function, δ (ω − a (u)), which upon simplification gives:
where x (t) is the time of stimulation of cells currently entering the sampling compartment and a (s) is the time variant "point" cellular release time delay given by the end constrained quadratic spline function of the same form as that used for θ (s) (Appendix F). The constraint that a (s) > −1 is needed to ensure a unique solution to x (t) as previously discussed [23] . Additionally, a (s) is constrained to be less than b R ET because if a (s) ≥ b R ET then no reticulocytes would be present in the sampling compartment (at least for some period of time), which was never observed. (25) where:
and a is the time invariant "point" cellular release time delay (Fig. 2d) . In the time invariant "point distribution" cellular lifespan model all cells have the identical release time delay and lifespan (i.e., resulting in a constant value for the lifespan, b − a), irregardless of the time of stimulation. The relationship between the time variant and time invariant "point distribution" cellular lifespan models can be also be observed by replacement of a (s) in Eq. 24 with the constant a, which upon simplification will give Eq. 25.
The differences between the four cellular lifespan models are illustrated in Fig. 2 . The objective function value, Akaike's Information Criterion (AIC) value [30] , and the squared correlation coefficient (R 2 ) of the observed vs. predicted concentrations (across all animals) were used as goodness-of-fit criteria to compare the four different cellular lifespan models. Additionally, the means and standard deviations of the common parameters of the four different models were compared.
Computational details
All modeling was conducted using WINFUNFIT, a Windows (Microsoft) version evolved from the general nonlinear regression program FUNFIT [31] , using weighted least squares. Motivated by the enumeration of the cellular data (i.e., a Poisson process) and the large differences in scale of the reticulocyte and RBC data, data points were weighted by y −1 obs , where y obs is the observed reticulocyte or RBC concentration. The fitted models required the numerical solution to a one-dimensional integral (Eqs. 19, 24, and 25) . This was done by using the FORTRAN 90 subroutine QDAGS from the IMSL Math Library (Version 3.0, Visual Numerics Inc., Houston, TX). QDAGS is a univariate quadrature adaptive general-purpose integrator that is an implementation of the routine QAGS [32] . The relative error for the QDAGS routine was set at 0.1% for all numerical integrations. Additionally, the implicit function x (t) had to be solved to determine the upper integration bound of Eq. 24, which was done using the FORTRAN 90 subroutine ZREAL from the IMSL Math Library. ZREAL is a nonlinear equation solver that finds the zero of a real function using Müller's method. The relative error for the ZREAL routine was set at 0.01%.
To summarize the uncertainty in the individual subject parameter estimates for the time variant lifespan distribution model, the mean percent standard error (MSE%) of the estimate was calculated for each parameter as:
where SE i and P i are the standard error of the parameter and the estimate of the parameter for the ith subject, respectively, and n is the number of subjects. The mean lifespan of circulating reticulocytes at the current stimulation time was determined over time for each subject by analytically calculating the mathematical expectation of the circulating lifespan, conditional on s (i.e., E {T|s}), with the expectation taken with respect to the distribution given by Eq. 12, where r (·, s) is the fitted Weibull distribution (Appendix G).
Statistical analysis
For the time variant lifespan distribution model, the minimum, maximum, and study end mean circulating reticulocyte lifespans at the current stimulation time were statistically compared to the mean initial (t 0 ) or baseline lifespan (denoted by µ R ET,0 ) with paired two tailed Student's t-tests using Microsoft Excel 2002 SP3 (Microsoft Corporation, Redmond, WA). Statistically significant differences were determined at the α = 0.05 type I experimentwise error rate. To control the experimentwise error rate inflation due to multiple comparisons, a stepdown Bonferroni method was used to adjust the P-values from the paired t-tests [33] .
Results
The profiles and the simultaneous fit to the plasma EPO, reticulocyte, and RBC concentration data for two representative animals (Panels A and B) is displayed in Fig. 3 for the time variant cellular lifespan distribution model. The dynamic relationship between the phlebotomy induced anemia, plasma EPO, reticulocyte, and RBC concentrations was modeled. The plasma EPO concentrations rapidly rose within hours of both phlebotomies, and then returned to baseline concentrations approximately 5 days post-phlebotomy. The reticulocyte concentrations began to increase 1-2 days following the rise in plasma EPO concentrations, peaking several days later, while the RBC concentrations steadily rose following both phlebotomies. The formulated time variant cellular lifespan distribution model also fit the data very well across a wide range of concentrations. The R 2 of observed vs. predicted reticulocyte concentrations was 0.952 and observed vs. predicted RBC concentrations was 0.964 across all animals. The PD parameters of the time variant lifespan distribution model are summarized in Table 1 . In general, the parameters of the model were well estimated with MSE% of less than 20% for all parameters, with many less than 5%. Not surprisingly, the scale (λ) and shape (k) parameters of the release time delay p.d.f. were not as well estimated and had higher MSE%. A relatively high amount of subject to subject variability was observed in the E max and EC 50 parameters of the transduction function, with means of 4.97 × 10 10 cells/kg/day and 66.6 mU/ml, respectively. The weight normalized total blood volume was estimated at 81.0 (2.38) (mean (SD)) ml/kg or 8.10%, consistent with the standard blood volume estimates in mammals of 6-11% of body weight [12] , and slightly higher than means previously determined in sheep ranging from 57.6 to 74.4 ml/kg (34) . The incorporation of blood volume expansion due to animal growth was an important consideration of the model, as animals grew on average 4.1 kg or 17% of their initial body weights over the course of the experiments. The average initial (t 0 ) body weight and rate constant of growth were estimated at 22.3 (2.31) kg and 0.00379 (0.00385) 1/day, respectively. The monoexponential fit to body weight data from the presented two representative subjects is displayed in Fig. 3 (inset) . While the monoexponential function (Eq. 16) does not fit the observed animal weight data exactly, it is used to represent the lean body mass that will be more representative of changes in erythropoietic progenitor cell mass and blood volume, since these will not likely change substantially with transient increases and losses of adipose that may be 
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A B Table 1 ) it rapidly increased over 3-fold following the first phlebotomy to a value of 1.03 days (P = 0.009). Following the initial peak, the mean circulating reticulocyte lifespan dropped down to near baseline values before rising again after the second phlebotomy. Following the second reticulocyte lifespan peak, the study end mean lifespan dropped to a value of 0.218 days, similar to the baseline value (P > 0.05). The minimum mean circulating reticulocyte lifespan was also not significantly different from the baseline lifespan (P > 0.05), nor was the minimum lifespan between the two phlebotomies significantly different from µ R ET,0 (P > 0.05). The average percentage of erythrocytes at baseline (i.e., at day 0) being released as reticulocytes was estimated at 43.0% (57.0% released as mature RBCs), while the average maximal proportion of stimulated cells to be released as reticulocytes was estimated at 89.5%, with only 10.5% of stimulated cells released as mature RBCs. The two-fold increase in the percentage of erythrocytes being released as reticulocytes (and nearly six-fold decrease in the percentage released as mature RBCs) illustrates the dramatic changes that occur in both the release time delay distribution and the type of erythrocytes being released under stress erythropoietic conditions in sheep.
Fig. 3 Representative individual subject fits (curves) of the time variant lifespan distribution model to observed plasma EPO ( ) concentrations, reticulocyte ( ) concentrations, RBC ( ) concentrations, and body weight ( ) (inset). (a) and (b) are different subjects
The comparison of the time variant distribution, the time invariant distribution, the time variant "point distribution", and time invariant "point distribution" of cellular lifespan models is summarized in Table 2 . A schematic of the model differences is displayed in Fig. 2 . In general, all models fit the RBC data equally well, with R 2 values near 0.96, however, the time invariant models fit the reticulocyte data poorly with R 2 values near 0.46. The mean objective function value was the smallest for the time variant lifespan distribution model. However, in three of the four animals the time variant "point distribution" was preferred over the other models based on the AIC. In the remaining animal the AIC was the lowest for the time variant distribution model. On average, AIC was the smallest for the time variant "point distribution" model. The stimulation function parameters (i.e., E max , EC 50 , and k bio ) and the weight normalized total blood volume were very similar across all models indicating a good model robustness for estimation of these parameters among the models. The mean b R ET was similar among most of the models, except for the time invariant "point distribution" cellular lifespan model. The baseline circulating reticulocyte lifespan (µ R ET,0 ) was approximately 3-fold lower in the "point distribution" models than in the distribution models. For the time variant lifespan models the mean maximal circulating reticulocyte lifespans (µ R ET,M AX ) in each animal were similar, however, the increase from baseline was nearly 10-fold for the "point distribution" model.
Discussion
Two basic parameterizations of a time variant cellular lifespan distribution PD model were formulated to account for changes over time in the underlying lifespan p.d.f. of cellular populations. The presented model extends recent cellular lifespan models that assumed a single (i.e., a "point distribution") time variant cellular lifespan [23] and models that assumed a time invariant distribution of cellular lifespans [22] . Two important assumptions of the proposed PD model are: (1) the stochastic independence of cells, and (2) that following production/stimulation subsequent changes in the environment do not alter the cellular disposition. The effects of subject growth on production or stimulation rate and on sampling space volume were also incorporated into the model. Additionally, the time variance of the underlying lifespan distribution can readily be incorporated into any of the parameters of the lifespan p.d.f., as either a non-parametric function of time or if more is known about the biological system, a function of the cellular production environment. By choosing a flexible arbitrary p.d.f. with a corresponding cumulative density function (c.d.f.) that can be analytically or otherwise rapidly evaluated, the proposed PD model can be fit to observed cellular concentration data requiring only a suitable numerical one dimensional integration solver. Furthermore, the production or stimulation rate in the model can be any analytical function that depends on endogenous growth factors and/or exogenous drugs. A single time variant release time delay p.d.f. was utilized in the fitted equations for both the reticulocytes and RBCs (Eq. 19), with a fixed time, b R ET , from stimulation of an erythropoietic cell to transformation from a reticulocytes (an immature RBC) into a mature RBC (Fig. 2a) . The presented model allows for a fraction of the red cells to be released directly into the systemic circulation as mature RBCs, as cells with release time delays ≥ b R ET are released into the sampling compartment as mature erythrocytes. The ability to account for the release of mature RBCs is particularly important when dealing with ruminants, such as sheep, that under basal, non-erythropoietically stimulated conditions release the majority of their red cells into the systemic circulation directly from the bone marrow as mature RBCs [8] , and thus partially explaining the very low basal reticulocyte percentage in ruminants (0.1-0.2%) [12] . While a common release time delay p.d.f. is justified on a physiological basis, a fixed time of development from stimulation of progenitor cells to development into a mature RBC is a simplification of the underlying physiology. However, the utilized time variant cellular lifespan distribution model was chosen based on the knowledge that: less developmentally mature and hence younger reticulocytes (RBCs) are released under stress erythropoiesis [7, [9] [10] [11] , and that under basal, non-erythropoietically stimulated conditions sheep release the majority of their red cells directly from the bone marrow as mature RBCs [8] . Thus, the model captures the primary kinetic features of the immature RBC physiology, which would not be possible using a direct parameterization of a time variant reticulocyte lifespan (i.e., as given by Eq. 3).
The distribution of circulating reticulocyte lifespans at the current stimulation time can be determined from Eq. 12, and subsequently the mean circulating reticulocyte lifespan was calculated (Appendix G), as displayed in Fig. 4 . Similar to previous results with a single phlebotomy and a "point distribution" of circulating reticulocyte lifespans (residence times) [23] , the mean circulating reticulocyte lifespan rapidly increased approximately 3-fold shortly after the first phlebotomy (P = 0.009). However, unlike previous results, the mean reticulocyte lifespan did not drop significantly below the baseline lifespan following either phlebotomy (P > 0.05). The difference may be attributed to the small sample sizes in both studies (n = 5 and n = 4, respectively), accounting for subject growth in the present analysis, and/or the incorporation of a distribution of lifespans instead of a single lifespan, among other factors. The circulating reticulocyte lifespan in Fig. 4 begins to increase prior to the 2nd phlebotomy, which may be the same but somewhat muted rebound phenomenon previously observed following a single acute phlebotomy [23] . The estimated approximately 3-fold increase in the circulating reticulocyte lifespan in both sheep studies is consistent with estimates in humans of a 2-to 3-fold increase following stress erythropoiesis [35] and with the exogenous administration of erythropoietin [20] .
The time variant cellular lifespan distribution model represents the most general case and the other three models are simplified "special cases" of this model. The comparison of the four cellular lifespan models (Fig. 2) indicates that the time variant models were preferred to the time invariant models based on the objective function, R 2 , and AIC values ( Table 2 ). The two time variant cellular lifespan models resulted in similar fits, with the time variant "point distribution" model resulting in a lower AIC in three of the four animals. Hence, in the majority of cases the more complicated time variant distribution cellular lifespan model was not preferred to the time variant "point distribution" cellular lifespan model. These results comparing the distribution and the "point distribution" cellular lifespan models are consistent with results obtained by other investigators comparing a time invariant distribution cellular lifespan model to a time invariant "point distribution" cellular lifespan model [22] . However, the time variant "point distribution" model resulted in a very short estimate of the baseline circulating reticulocyte lifespan of 0.123 (0.0487) days and a maximal increase in the circulating reticulocyte lifespan of nearly 10-fold, which is inconsistent with estimated increases in circulating reticulocyte lifespan in humans of 2-to 3-fold following stress erythropoiesis [20, 35] . The most likely reason for the apparent physiologically unrealistic estimates of these values is that the "point distribution" of cellular release time delays for this model (Fig. 2c) requires that all erythrocytes released from the bone marrow into the systemic circulation be released as reticulocytes. While the model could be extended to allow for all erythrocytes to be released from the bone marrow as either reticulocytes or mature RBCs depending on the stimulation time, this would cause the fitted reticulocyte concentration to drop to zero when a (s) ≥ b R ET , which was never observed. The constraint on the type of erythrocyte released into the systemic circulation given by the time variant "point distribution" cellular lifespan model is in contrast to the more general nature of the time variant distribution model (Fig. 2a) . With the distribution model, erythrocytes with a release time delay (i.e., ω) less than b R ET enter the systemic circulation as a reticulocyte while erythrocytes with an ω ≥ b R ET enter the circulation as a mature RBC, consistent with the known physiology in sheep where a fraction of the erythrocytes enter the circulation as a mature RBC [8, 12] . Thus the underlying physiology must be considered when selecting the most appropriate cellular lifespan model, and not just the goodness-of-fit criteria (e.g., AIC).
The addition of a distribution of release time delays to the time variant lifespan model over a time variant single "point distribution" lifespan [23] offers modeling cellular responses in a more physiologically realistic manner. The described model allowed for the estimation of the proportion of the erythrocytes being released directly into the systemic circulation from the bone marrow as mature RBCs. Apparently, estimates of the proportion of erythrocytes released as reticulocytes or RBCs have not been previously determined in sheep. Other potential applications of the presented model are to account for changes in RBC lifespan that are due to production under stress erythropoiesis conditions, as previously demonstrated in some animal models [4, 36, 37] . Even though not accounted for in the model, a reduced RBC lifespan due to stress erythropoiesis stimulation conditions was not a concern because the lifespan would have to be reduced to less than 50 days to have an effect on the modeling, since this was the longest time period of observation following the first phlebotomy.
In addition to the stochastic independence assumption of cells, the other key assumption of the model is that the disposition of cells following production or stimulation is not affected by changes in the environmental conditions. Apparently, all PD models of cellular response presented to date either implicitly utilize this assumption [14, [20] [21] [22] [23] 38] , or assume that cellular age has no affect on the probability of cellular death/transformation (i.e., a cell "pool" or "random hit lifespan" model) [13, 39, 40] . The lack of a "environmental effect" assumption may not be reasonable if the environmental conditions that a cell is exposed to over its lifetime vary substantially over time, particularly for cells with relatively long lifespan (relative to the rate of change in the environmental conditions). For circulating reticulocytes, which have a relatively short lifespan, there is evidence in rats that the RNA content (and hence age) of cells depends on the conditions under which the reticulocytes developed [41] . Similar conclusions have been obtained in humans, that under normal conditions the properties of the erythrocyte lifespan are determined by the conditions under which they are formed [4] . Thus for reticulocytes their disposition may well be determined at the time of stimulation. However, if changes in the environmental conditions (e.g., plasma EPO concentrations) following production or stimulation of reticulocytes (or mature RBCs) do substantially affect their circulating lifespan this key assumption of the current model would be violated. Hence, extensions of the presented model to incorporate the effects of changing environmental conditions on the disposition of the cells are still needed, particularly under pathological disease conditions. Further work in this area is in progress.
Conclusion
In summary, a time variant cellular lifespan distribution PD model was formulated to account for changes over time in the underlying lifespan probability density function of cellular populations. The model extends recent cellular lifespan models that assumed a single (i.e., a "point distribution") time variant cellular lifespan and models that assumed a time invariant distribution of cellular lifespans. Furthermore, the model developed in the present study was used to determine the time variant circulating reticulocyte lifespan in sheep following stress erythropoiesis conditions. The proportion of erythrocytes released from the bone marrow as reticulocytes was estimated by the model to increase over 2-fold following phlebotomy. The time variant cellular lifespan distribution model was compared to three simpler cellular lifespan models derived as specific cases of the proposed time variant lifespan model. These comparisons indicated the importance of accounting for a time variant cellular lifespan for reticulocytes stimulated under stress erythropoiesis conditions. Additionally, they indicated that the selection of the most appropriate model should not solely be based on conventional goodness-of-fit metrics but must also consider the underlying cellular physiology. The presented PD model readily allows incorporation of time variant lifespan distributions when considering populations of cells whose production or stimulation depends on endogenous growth factors and/or exogenous drugs. of Chugai Pharmaceutical Company, Ltd. (Tokyo, Japan). The rabbit EPO antiserum used in the EPO RIA was a generous gift from Gisela K. Clemens, PhD. This work was supported in part by the United States Public Health Service, National Institute of Health Program Project Grant 2 P01 HL046925-11A1 and R21 GM57367.
Appendices
Appendix A. Derivation of Eq.6
To account for the removal by phlebotomy of a certain fraction, 1 − F, of cells at time t = T P is equivalent to label this fraction of cells at time T P and only counting the unlabeled cells.
where: N tot (t) ≡ total number of cells, N lab (t) ≡ number of labeled cells, and N unlab (t) ≡ number of unlabeled cells. The interest is to quantify the number of unlabeled cells (i.e., the cells not removed by the phlebotomy), which from Eq. A1 is given by:
If it is assumed that the cells behave independent of each other regardless of being labeled or not (which is a basic assumption of the derivation), then the superposition principle holds. Let the probability that a cell that enters the sampling space at time z is still present at time z + x, where x is a non-negative time value, be denoted by P (x, z), then according to the superposition principle that arises from a linear cellular disposition:
Equation A3 can be written as:
where min t, T p is the minimum value of t and T p . If the production of cells ( f prod (t)), i.e., input of new cells into the sampling space, is stopped at time T P then the second integral in Eq. A4 is equal to zero for t > T p since f prod (t) = 0. Additionally, if t ≤ T p the second integral is still equal to zero. Hence total number of cells would be:
is equivalent to labeling all cells in the sampling space at time T P and counting the number of labeled cells thereafter. Thus, if only a fraction, 1 − F, of the cells present at time T P are labeled (i.e., removed by the phlebotomy) then the number of labeled cells is:
where U is the unit step function described by:
which has been introduced in Eq. A6 to make thek equation valid for any value of t. Equations A2, A3, and A6 give:
If (τ, z) denotes the time variant p.d.f. of cellular lifespans, where τ is the cellular lifespan and z is an arbitrary time of production, then:
which can be recognized as the unit response of Eq. 1. Inserting Eq. A9 into Eq. A8 gives:
For t ≥ T P U (t − T P ) ≡ 1 and Eq. A10 simplifies to the following expression:
Completing the derivation of Eq. 6.
Appendix B. Derivation of Eq. 8
The probability that a cell is present in the sampling space is given by the intersection of two events: the time since stimulation is less than b (Event 1) and the cell has been released into the sampling space (Event 2). The probabilities of these two individual events are given by:
Due to the independence assumption of the two events, the probability of both events occurring (i.e., the intersection of the events) is simply the product of the individual event probabilities, as given by:
Given the assumed independent disposition of cells following stimulation, the probability that a cell is present in the sampling space is the unit response of the cell, completing the derivation of Eq. 8.
Appendix C. Derivation of Eq.11
Following the derivation of Eq. 6 (Appendix A), from Eq. A2 the interest is to quantify the number of unlabeled cells (i.e., the cells not removed by the phlebotomy). Let the probability that the time since stimulation, x, for a cell is less than some positive constant b (i.e., probability of Event 1) be denoted by P 1 (x). Equivalently, P 1 (x) can be thought of as the probability that a cell exists as the cell type of interest (either outside or in the sampling space). Additionally, let the probability that a cell stimulated at time s has been released into the sampling space at time s + x, be denoted by P 2 (x, s) (i.e., probability of Event 2). If these two events are assumed to be independent (as is assumed in the model formulation, see Appendix B), then the probability that a cell is present in the sampling space as the cell type of interest (i.e., the intersection of Event 1 and Event 2) is given by the multiplication of these probabilities. Then according to the superposition principle that arises from a linear cellular disposition:
which can also be written as:
where min (t, T P ) is the minimum value of t and T P . If the input of new cells into the sampling space were to be stopped at time T P , then f stim (t) must be equal to zero when t ≥ T P giving:
Likewise, if t < T P then the integral of the third integrand of Eq. C2 would also be equal to zero, hence Eq. C3 is true for all t. Furthermore, when t > T P it is recognized that P 2 (t − s, s) − P 2 (min (t, T P ) − s, s) is the probability that a cell stimulated at time s is released into the sampling space between time T P and time t (if t ≤ T P it's the probability of release between time t and time t, which is equal to zero). However, since the input of new cells stopped at time T P , then P 2 (t − s, s) − P 2 (min (t, T P ) − s, s) must also be equal to zero giving:
is equivalent to labeling all cells in the sampling space at time T P and counting the number of labeled cells. Thus if only a fraction, 1− F, of the cells present at time T P are labeled (i.e., removed by the phlebotomy) then the number of labeled cells is:
Equations A2, C1, and C5 give:
The probability that x is less than some positive constant b (i.e., P 1 (x)) is either 1 or 0, since x either is or is not less than b, respectively. Therefore:
which can be recognized as the probability of Event 1 of Eq. B1. If r (ω, s) is the time variant p.d.f of cellular release time delays, where ω is the cellular release time delay and s is an arbitrary time of stimulation, then:
which can be recognized as the probability of Event 2 of Eq. B2. Substitution of Eq. C7 and Eq. C8 in Eq. C6 results in:
The unit step functions of the integrands are eliminated in the simplification step of Eq. C9 since it is recognized that the integrand will have a value of 0 at all times when u < t − b. However, by eliminating the units step functions the lower bound of the first integral in the second term of Eq. C9 must then be constrained to be the min (T P , t − b) to maintain the integrals evaluation to zero at all values of u < t − b.
For t − b < T P ≤ t Eq. C9 further simplifies to the following expression:
It can also be observed from Eq. C9 that if T P is not contained in the time interval from t − b to t, only the first term is non-zero, giving the solution identical to Eq.10. This completes the derivation of Eq. 11.
and from Eq. C5:
where P 1 (x) and P 2 (x, s) are defined as before (Appendix C). From Eq. C6 the total number of cells excluding cells labeled at time T P1 is given by:
From Eq. C2 through Eq. C4 it is realized that if the input of cells into the sampling space is stopped at time T P2 the first integrand in Eq. E5 is equal to:
giving:
where Eq. E7 is equivalent to labeling all cells in the sampling space at time T P2 and counting the number of cells with the only the label given at time T P2 . Thus if only a fraction, 1 − F 2 , of the cells present at time T P2 are labeled (i.e., removed by the second phlebotomy) then the number of cells labeled at time T P2 is:
Equations E2, E3, E4, and E8 give:
Substitution of Eqs. C7 and C8 in Eq. E9 results in:
where,
Subject to continuity conditions on the function and its derivative:
and boundary constraints:
where ε denotes an infinitely small time increment and t last denotes the time of the last observation. Since for the Weibull distribution θ ≥ 0, the spline function was constrained to be non-negative by:
In all, 7 nodes and 6 unconstrained spline coefficients were estimated.
Appendix G. Derivation of equation for determining mean circulating reticulocyte lifespan (i.e., E {T|s})
The mean circulating reticulocyte lifespan is given by the E {T|s} taken with respect to the distribution given by Eq. 12, with r (·, s) as the fitted Weibull distribution. Therefore from Eq. 12 to Eq. 17: 
and by Eq. 18 the denominator of Eq. G1 becomes:
forb ≥ θ (s) and 0 otherwise (G2)
If we define:
Then by substitution of u into the numerator of Eq. G1, it becomes:
which can be simplified to:
where γ (a, x) is the lower incomplete gamma function with integrand exponent parameter a and upper limit of the integral x. Dividing the numerator (Eq. G5) by the denominator (Eq. G2) of Eq. G1 results in:
Completing the derivation of E {T|s}. 
Glossary
